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Surname
Name
matriculation number
1. Given A :=
{
(x, y) ∈ R+ × R+ | 1 ≤ x2 + y2 ≤ 4} .
Show that
∫∫
A
(x+ xy)dxdy =
101
24
2. Given A :=
{
(x, y) ∈ R2 | x2 + y
2
4
≤ 1
}
.
Show that
∫∫
A
e4x
2+y2dxdy =
pi(e4 − 1)
2
3. Given A :=
{
(x, y) ∈ R2 | x2 + 2y2 ≤ 1} , f(x, y) = 1
1 + x2 + 2y2
. Show that:∫∫
A
f(x, y)dxdy =
pi ln 2√
2
4. Evaluate
∫ 1
0
√
1− x3 dx using Gamma and Beta functions
5. Given A :=
{
(x, y) ∈ R2 | x2 − xy + y2 ≤ 1} , f(x, y) = e−(x2−xy+y2). Show that:∫∫
A
f(x, y)dxdy =
2pi√
3
e− 1
e
6. Show, using Gamma and Beta functions, that the Lebesgue measure of A = {(x, y) ∈
R2 | x2/3 + y2/3 ≤ 1} is 3
8
√
pi
7. Show that ∫ 1
0
√
x3
1− x3 dx =
√
pi
Γ(56)
Γ(13)
8. Prove the duplication formula for Gamma
22x−1Γ(x)Γ(x+ 12) =
√
piΓ(2x)
Hint: define I =
∫ pi
2
0
sin2x tdt, J =
∫ pi
2
0
sin2x 2tdt then observe that I =
1
2
B
(
x+
1
2
,
1
2
)
= · · ·
Furthermore changing variable 2t = u show that I = J but J can also be evaluated
observing that J =
∫ pi
2
0
(2 sin t cos t)2xdt = 22x−1B
(
x+
1
2
, x+
1
2
)
= · · ·
9. Solve the separable differential equationsy
′(x) = xy2(x)
y(0) = 1
y′(x) =
1
xy(x)
y(2) = 1
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10. Solve the linear differential equationsy′(x) = −
3
x
y(x) + 3x3
y(1) = 1
y
′(x) = 2xy(x) + x
y(0) = 2
11. Solve the Bernoulli equationy′(x) =
y(x)
x
− x3y4(x)
y(1) = 1
due time October 28th 2011
